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We would like to evaluate the forces on two isolated ‘point’ charges q and q′ with constant
velocities v and v′, respectively, for the non-relativistic, three-dimensional case (the complete
relativistic, four-dimensional force equations, can be seen in the section “The Force Density Four-
vector” at http://www.softcom.net/users/der555/newtransform.pdf). In the classical model,
these forces are not always equal and opposite. We intend to show that this inequality of forces
leads to a paradox, to which we offer a resolution.

This treatment does not take the momentum of the field into consideration, although it applies
even when the field momentum is considered. For the complete conservation equations, which
take into account the momentum of the field, please refer to the section “The Energy-Momentum
Tensor” at http://www.softcom.net/users/der555/newtransform.pdf. We’ve used SI units, here,
in contrast to the Gaussian units used in the paper, above.

The Lorentz force F on q due to q′ is

F = q(E + v ×B) (1)

where E and B are the conventional electric and magnetic field three-vectors at the position of
q due to q′. The Lorentz force F′ on q′ due to q is

F′ = q′(E′ + v′ ×B′) (2)

where E′ and B′ are the conventional electric and magnetic field three-vectors at the position of
q′ due to q.

The electric forces Fe = qE and F′e = q′E′ on the particles are always equal in magnitude
and opposite in direction, but the magnetic forces

Fm = qv ×B (3)

and
F′m = q′v′ ×B′ (4)

are not, in general, equal and opposite. In fact, for every case except the cases, one or both
particles at rest, or particles on parallel paths, the magnetic forces are not equal and opposite.
Therefore, the total forces on the particles are not, in general, equal and opposite.
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However, in the center of mass (cm) frame, the total forces on the particles are equal and
opposite at all times, due to symmetry. Therefore, we have the paradox that the forces on the
particles are equal and opposite in the cm frame, but not in the lab frame.

I would like to offer a resolution to this paradox. Consider the additional force

Fa = −qv(∇ ·A) (5)

on q due to q′, where A is the vector potential, and the additional force

F′a = −q′v′(∇ ·A′) (6)

on q′ due to q.1

Therefore, our new law for the total force on q is

F = q(E + v ×B− v(∇ ·A)) (7)

and for the total force on q′

F′ = q′(E′ + v′ ×B′ − v′(∇ ·A′)) (8)

Considering, first, the forces on q, using (7), we note that the magnetic field, can also be written
as

B =
1
c2 v′ ×E (9)

and, since A = v′φ/c2, we can write ∇ ·A as

∇ ·A = ∇ ·
(

v′φ
c2

)

=
1
c2 v′ · (∇φ) = − 1

c2 v′ · E (10)

where φ is the static electric potential. Inserting (9) and (10) into (7), we have

F = q(E +
1
c2 (v × (v′ ×E) + v(v′ · E)) (11)

Using the vector identity
v × (v′ ×E) = v′(v ·E)−E(v · v′) (12)

we can write (11) as

F = q(E +
1
c2 (v′(v ·E)−E(v · v′) + v(v′ · E)) (13)

Since q = q′ and E = −E′, after rearranging terms, we can write (13) as

F = −q′(E′ +
1
c2 (v(v′ · E′)−E′(v′ · v) + v′(v ·E′)) (14)

From the vector identity
v′ × (v ×E′) = v(v′ · E′)− E′(v′ · v) (15)

1These additional forces are not ad hoc additions. They are due to the time component of my electric field
four-vector which is part of my force density equations at the URL above (these forces are not referred to as Fa

and F′a in my paper).
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we can write (14) as

F = −q′(E′ +
1
c2 (v′ × (v ×E′) + v′(v · E′)) (16)

or
F = −q′(E′ + v′ ×B′ − v′(∇ ·A′)) (17)

From (8), we can now write (17) as
F = −F′ (18)

We see from (18) that the total force F on q and the total force F′ on q′ are equal and opposite,
thus action equals reaction in every case for two isolated particles.

We have considered only the spatial components of the force above, nevertheless, it is inter-
esting to note that the time components of the force Ft and F ′

t are equal, but not opposite. We
start by considering the time component of the force Ft on q

Ft = q(
1
c
v · E + c∇ ·A) (19)

or, substituting (10) into (19), we get

Ft = q(
1
c
v · E− 1

c
v′ · E) (20)

The time component of the force F ′
t on q′ is

F ′
t = q′(

1
c
v′ · E′ − 1

c
v ·E′) (21)

By substituting q = q′ and E = −E′ into (20), we can write

Ft = q′(
1
c
v′ · E′ − 1

c
v ·E′) (22)

Note that the right-hand side of (22) is the same as the right-hand side of (21), so

Ft = F ′
t (23)

Thus, the time component of the force Ft on q and the time component of the force F ′
t on q′ are

equal, but not opposite, for two isolated particles.
It must be noted that there are additional terms on the right-hand sides of the force equa-

tions at http://www.softcom.net/users/der555/newtransform.pdf that have been omitted in this
discussion. Nevertheless, the inclusion of these terms, here, would leave F = −F′ and Ft = F ′

t .
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